Washington, OC 20375-5000

m

OPY

Naval Research Laboratory

NRL Memorandum Report 6589

m
o
P
O - . . .
& Stability Regimes in a Rotating
a Quadrupole Focusing Accelerator
;< C.M. TANG, P. SPRANGLE, J. KRALL P. SERAFIM* AND F. MAKO**
O Beam Physics Branch
q Plasma Physics Division

*Northeastern University
Boston, MA 02115

**FM Technologies, Inc.

Alexandria, VA 22304

March 7, 1990

Approved for pubiic reiease: distribution uniimited.

90 03 20 160




SECURITY CLASSIFICATION OF THIS PA
Form Approved
REPORT DOCUMENTATION PAGE OB N 5704.0188
1a. REPORT SECURITY CLASSIFICATION 1b. RESTRICTIVE MARKINGS
| UNCLASSIFIED
2a. SECURITY CLASSIFICATION AUTHORITY 3 DISTRIBUTION/AVAILABILITY OF REPORT
rov ; di
2b. DECLASSIFICATION / DOWNGRADING SCHEDULE Appro -ed for public release; distribution
unlimited.
3. PERFORMING ORGANIZATION REPORT NUMBER(S) 5. MONITORING ORGANIZATION REPORT NUMBER(S)
NRL Memorandum Report 6589
6a. NAME OF PERFORMING ORGANIZATION 6b. OFFICE SYMBOL | 7a. NAME OF MONITORING ORGANIZATICN
. (If applicable)
Naval Research Laboratory Code 4790 Naval Surface Warfare Center
e ——
6c. ADDRESS (City, State, and ZIP Code) 7b. ADDRESS (City, State, and ZIP Code)
Silver Spring, MD 20903-50Q0
Washington, DC 20375-5000 ’
3a. NAME OF FUNDING / SPONSORING 8b. OFFICE SYMBOL | 9. PROCUREMENT INSTRUMENT IDENTIFICATION NUMBER
ORGANIZATION (If applicable)
DARPA
8¢c. ADDRESS (City, State, and ZIP Code) 10 SOURCE OF FUNDING NUMBERS
. PROG?AQ_A o PROJECT TASK WORK UNIT
ELEMENT N NO. NO ACCESSION NO
Arlington, VA 22209
‘ 62707E 4395.A80 DN680-415

11. TITLE (Include Security Classification)
Stability Regimes in a Rotating Quadrupole Focusing Accelerator

12. PERSONAL AUTHOR(S)
TIang, C.M., Sprangle, P., Krall, J., Serafim,* P. and Mako,* F.

13a. TYPE OF REPORT 13b. TIME COVERED 14. DATE OF REPORT (Year, Month, Day) |15 PAGE COUNT
Interim FROM 1O March 7, 1990 50

16. SUPPLEMENTARY NOTATION
*Northeastern University, Boston, MD 02115
**FM Techologies, Inc., Alexandria, VA 22304

17 COSATI CODES 18. SUBJECT TERMS (Continue on reverse (f necessary and dentify by block number)
FIELD GROUP SUB-GROUP Accelerator Stellarator fields
Rotating quadrupole

19. ABSTRACT (Continue on reverse if necessary and identify by block number)

~ A number of high current accelerator designs utilize strong focusing in the form of helical quadrupole
and axial guide fields. We obtain a linear dispersion relation for an electron beam propagating in a cylindri-
cal waveguide subject to helical quadrupole and longitudinal magnetic fields, electromagnetic waveguide
modes and image fields. The electromagnetic waveguide modes are expressed in terms of right-hand and
left-hand circularly polarized waves. We find that the electron beam centroid, depending on the system
parameters, can be i) orbit unstable independent of the waveguide modes, ii) three-wave unstable or iii) fully
stable. Analytic expressions for the various stability conditions are obtained in the limit of zero beam
current, where the right-hand and left-hand circularly polarized waves decouple. Algebraic expressions for
the growth rate in each of the three-wave unstable regimes are presented. The full dispersion relation is
soived mumerically with resulits that are in good agreement with both the stability conditions and the growth
rate expressions.

f
i

20. DISTRIBUTION / AVAILABILITY OF ABSTRACT 21 ABSTRACT SECURITY CLASSIFICATION
UNCLASSIFIED/AUNLIMITED  TJ SAME AS RPT D DTIC USERS
-
22a. NAME OF RESPONSIBLE INDIVIOUAL 22b TELEPHONE (Include Ared Code) | 22¢ OFFICE SYMBOL
C.M. Tanﬁ (202) 767-4148 Code 4791
DO Form 1473, JUN 86 Praviou: editions are obsolete. SECURITY CLASS/FICATION OF THIS PAGE

S/N 0102-LF-014-6603
i




R

RATES .ottt et sae e e s et et e e e e e et b s e e et nn e aeane 11

[ et}
o
U




STABILITY REGIMES IN A ROTATING
QUADRUPOLE FOCUSING ACCELERATOR

I. INTRODUCTION

A number of recent high current accelerator configurations utilize strong focusing
fields. These fields, consisting of a stellarator field (or rotating quadrupole field) and an
axial guide field, increase considerably the energy mismatch tolerance of the device and
provide confining forces against the beam space charge forces.!”> Two such devices are
the modified betatron accelerator® and the spiral line induction accelerator (SLIA).*~*
The recent addition of strong focusing to the modified betatron at the Naval Research
Laboratory has allowed that accelerator to successfully accelerate a 0.5 kA beam to 12
MeV for 2 35,000 turns in a vacuum chamber with resistive walls.” The SLIA, to be
constructed by Pulse Sciences, Inc., will utilize the strong focusing for transport along the

curved sections of the beam line between the accelerating cavities.

The use of strong focusing fields has a potential difficulty in that they can lead to
various types of beam instabilities.?® It has been suggested, for example, that the rotating
quadrupole field may act like a wiggler field as in the free electron laser.3:!® Of interest in
this study, however, is the three-wave instability in which the externally impésed rotating
quadrupole field interacts with the transverse motion of the beam centroid to excite a
trmsvem&electﬁc (TE) waveguide mode.? Appro;dfna.te stability conditions for such strong

focusing fields have recently been found.!!

The purpose of the present study is to obtain detailed analytical conditions for stabiliz-
ing the three-wave instability. Here we analyze the dynamics of electromagnetic waveguide
modes and the beam modes associatec #'¢ 1 a relativistic electron beam propagating under
the influence of external strong focusing fields. The dispersion relation for such a system
is generated in Section II below. In Section III, we show that this dispersion relation, in
the limit of zero beam current, gives analytical conditions for the various stability regimes.
We find a) two physically distinct three-wave unstable regimes, b) two three-wave stable
regimes and c) a regime in which the particle orbits themselves are unstable, irrespec-
tive of the electromagnetic waves. The orbit unstable regime is a recovery of an earlier
result.!? In addition, we obtain algebraic expressions for the growth rates in each of the

three-wave unstable regimes. This is done with the simplified dispersion relation where

the right-hand (RH) and left-hand (LH) circularly polarized waves are decoupled in the
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low current regime. These are found to be in general agreement with the approximate
expressions given in Ref. 12. Numerical solutions of the dispersion relation are presented
in section I'V. The analytic expressions of the growth rates and stability boundaries are in

good agreement with the numerical results of the dispersion relation.

II. MODEL

In our model the external fields consist of a periodic rotating quadrupole field and a
longitudinal magnetic field (see Fig. 1). The electron beam radius is assumed to be small
compared to the waveguide radius. In the equilibrium position, the beam is centered along
the axis of a circular waveguide and the beam electrons are assumed to be monoener-
getic with zero transverse velocity. Perturbing electromagnetic waveguide fields cause the
beam centroid to develop a transverse velocity and become displaced off the z-axis. This
displacement of the beam centroid amounts to a transverse macroscopic current which. un-
der certain conditions, further excites the electromagnetic field. The displacement of the
beam centroid also induces image electric and magnetic fields on the wall of the waveguide.
The beam centroid motion, in our model, is governed by the following fields: i) rotating
quadrupole field, ii) longitudinal magnetic field, iii) electromagnetic fields, and iv) induced

image fields.

Wave equation

Before developing the orbit equations for the beam centroid we first derive the wave
equation for the electromagnetic fields. The electromagnetic fields are represented by a

vector potential given by,
A=A (z,y,2)e"" + A_(z,y,2)e”" ™" + c.c., (1)

where A, and A_ are complex amplitudes associated with the right-hand (RH) and left-
hand (LH) circularly polarized waves in a cylindrical waveguide. In Eq. (1), w is the radian
frequency and c.c. denotes the complex conjugate.

The wave equation for A is given by

8% 1 82 4
: 9 1o 2T o
(V‘L+322 czatz)A cJ’ (<)
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where V2 is the transverse Laplacian, and J is the macroscopic transverse current asso-
ciated with the beam centroid. Substituting (1) into (2) and operating on the result with

(w/2m)

P2/ w

0 dt exp(iwt), in order to select the correct frequency dependence, yields

ar [27Y 4t

LAL+A_) = - e, (3)

0 27r/w
where L = V2 + 82/9z° + w?/c?. To obtain the RH and LH polarized components of the
current, we equate the &, and é_ components of both sides of (3), and find the following

wave equation,

. ar [2/Y 4t : iwt
LAy +A_)-(285) = —— \ m(fcz4=tfcy)e ) (4)

where é; = (&, + 1€,)/2 and é, and &, denote unit vectors in the x- and y-directions.

The current density associated with the beam centroid motion is

J(zvyy zat) = - |e'Ab/

-0

e azc(zo,t) . 3yc(zo,t) -
dzo ( 6t ex + at ey)

6(.‘3 - zc(zoot))‘s(y - yc(207t))6(z - zc(:ovt))v

(5)

where \y = nmrrf is the number of electrons per unit length, n; is the beam density, r,
is the beam radius, z. and y. denote the transverse coordinates of the beam centroid,
z. denotes the axial position of a cross sectional slice of the beam and :, is the initial
position of the slice: z.(z,,t = 0) = z,. In the small-signal or linear regime z. and y. are

proportional to the electromagnetic fields and (5) can be written as

Je(z, 9, 2,) = = |e|Apé(z)d(y)

= (Bn(amt). | Buelinst), .. (6)
/-oodzo( 5t e: + 5t ey) 6(z — z¢(20,t)),

where v, is the axial beam velocity. Substituting (6) into (4), we obtain

) 4r 2w /w dt oo
LA+ +A2) - (2o) =Tob(@ty) [ o= [ ds .
i
(62c(aztoyt) T iayc(zo,t)) (5(2 —zy — vot)etwt‘




where v = (|e|/moc®)Iy/B, ~ I;|kA]/173, is Budker’s parameter, I, is the beam current
and §, = v,/c. Upon carrying out the time integration in (7) we obtain,

L(As + A2) - (265) =" u(z)5(y)e /)"

2rv, /w d= 8
~0 . —_—tw T
—(z. F tyc) tw..,,/v,.’
/‘, Sro, J 51\ Ce F 1Wele

where z.(z0,2) = Tc(20yt = (2 — 25)/V0) a0d Ye(20,2) = Ye(z0,t = (2 — 2,)/V,). Since
our model is spatially periodic with period w/2w, the limits on the z, integral have been
changed to 0 to 27 /w.

Beam Centroid Orbit

The configuration of the rotating quadrupole and the axial magnetic fields are shown
in Fig. 1. The total external magnetic field, B,.¢, consists of the rotating quadrupole field
and the uniform longitudinal field and is given by B..; = (B, Bgy, B:o) where

By = =Bky(zsinkgz — ycos kyz),
Bqy = Bgkg(z cos kyz + ysink,z), (%9a — ¢)

B, = B,.

In Eqgs. (9a-c), B, is the axial magnetic field, B, is the magnetic field of the quadrupole.
kg = 2m/)A, and A, is the period of the quadrupole field. The representation for the
quadrupole field in Eqs. (9a,b) is valid near the z-axis, i.e., (z? + y2)!/2 << ), /27.

In addition to the electromagnetic fields given by (1) and external fields given by (9),
we have induced fields due to the displaced beam. These fields are produced by the image
charges and currents on the waveguide wall when the beam is displaced off the z-axis. For
a circular, perfectly conducting waveguide the induced electric and magnetic fields near

the z-axis are
2

meC” V " -
Eiud = ’Z—T';Tr—z(zcez + ycey)v {10a)
g
moc? v . R
Bind = 2—""—/jo(yce: - zcey)7 (10h)
le] 2
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where ry is the waveguide radius and we have assumed (z? + y2)*/? << r,. The motion
of the beam’s centroid under the influence of the fields in Egs. (1), (9) and (10) is in the

linear approximation governed by

d?®z. dy.

722 + Qo'zt— — VokqQq(zc cOs kgz + Y. sinkqz) — vikiz,

- %tz'oc (% +v°§£) A= (1la)
d;t.i,;c _ Q,% + ok Qq(ye cos kgz — z. sinkyz) — vikly,

N 7ol:z|oc (Ei" +”°§;) Ay (115)

where 2, = |e|B,/y,m,c is the relativistic cyclotron frequency associated with the axial

field, R, = |e|By/vom,c is the relativistic cyclotron frequency associated with the rotating

1/2 2.3 :))1/2.

quadrupole field, v, = (1 — 37)7'/2 is the relativistic mass factor, k, = (2v/(3273r]

z = z, + Uot, and A., A, are the x and y components of the vector potential given in (1).
For the purpose here, we will approximate the exact expressions of (1) by the fields on
axis,

‘e' ika z

5A+(z =0,y =0,z) = aze'* ey,

moc
where k.. are the axial wave numbers.
The orbit equations for the beam’s centroid can be written in a more convenient form.
Setting ¢ = z. + ty., Eqs. (11a,b) become
( 8° d

3.7 iK,,5; - kf) € — Kkget*1¢* = F (12)

where Ko = 0o/, K, = Qq/v0, and

1 e N .
F = B 7 [—l(k:_ __w/vo)ale—t(k+—w/vn)-.e—uu..,,/v,.
oYo
Filk= = w/vg)aelh Tz gtz /] (13)

It is convenient at this point to introduce a transformation from the quantity £ to ¢
E = ée-l-ik.,z/z. (14)
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Substituting (14) into (13) transforms the beam’s controid equation into

32 6 . I

where K\ = K, — kq, K} = (Ko — kq/2)kq/2 — k3, K = Kqkq and G = Fexp(—tk,z,2).

Equation(15) can be written in the form

o 52 i ) ‘
[a o+ (2K + KD g+ (RS- KD 6= A (16a)
where
o 8°
H= +iK— + K| G + K2G
9z* 9z
. 2 AL
e~ ikaz/2 [5‘1—2 +i(K, - kq)é.- + (K = kg/2)k,/2 + K:?)} F (166)
+ K3Fetas?,
Substituting (13) into (16b) yields
H = ﬁ [(K- k /2)Dt . —lK z (K: +kq/2)K32a:e—iK: z] e—zw:,./’v,.
—5‘7 (K- —ke/2)D_a_e™-* — (K + ko/2)Kjaref+7] ewsnir, (17)

where K = ki —w/v, £ k;/2 and D+ = K1 ¥ K1 K4+ — KZ. The particular solution to
(16a) is

€= (alale—iK+z +d-_a-_e—tl(_:) e—zw:,,/v,,

+ (a_a_e‘K"‘ + 13+a+e;"{*:) g i {13a;
where
ax =5 cDﬂ:(ki: - w/vo)/ Ry,
B: = —Kjas/Dy,
Ry = K} - (2K} + K})K + K3 - K3

{18 - £)
= (K} - (d} +d})) (KL - (d - d3)),
& = K} + K}/2,

”

& = (K2 +K2/2) - (K} - K.




Subsituting Eqs. (18) together with (14) into Eq. (8}, the right-hand side of the wave

equation becomes

L o e N
T ——(Jex F iJey)e™* =dmivd, —=—8(z)6(y)e'* ™
[( K+ F kq//z)aiate‘l KiFhy/20: (19}
UKz Tk, 20z

+(Kx Fhq/2)0zaze

Dispersion Relation

To obtain the dispersion relation the coupled differential equation inust be solved.
subject to the boundary conditions on the waveguide. To this end, we assume that the
electron beam propagates within a perfectly conducting cylindrical waveguide of radius
rq- In general, the complex amplitude for the right- and left-hand circularly polarized TE

waves are written as,

As(r,0,2)e™™ = binm [Jnci(Bamr)és + Jnt1(tinmr)e= 8]

n,m
exp [t (kenmz £ (n — 1)0 — wt)], (20)

where J, is the nth order Bessel function, b.nm are complex constants. u.m are real
constants determined by the boundary conditions and n = 1,2.3.... and m = 1.2.3.... are
waveguide mode indicies.

The boundary condition i»> such that the tangential component of the electric field
vanishes on the waveguide surface, r = r,. At r = r;, we have E- &5 = 0, where E is
the total electric field and €y = —iexp(—if)é, + iexp(—:6)é_ is the unit vector in the
azimuthal direction. Applying the boundary condition at » = r,, we find the condition
Ji(amrg) = 0, so that ppmry equals the mth positive zero of J),.

Since A is driven by an effective transverse line current, we expect TE,,, modes will
be excited. Substituting the T E},, mode representation into the left-hand side of Eq. (41

we obtain two sets of coupled equations.




Z etktims <c2 Ic"tlm “im) Jo(h1mT)b0s1m

m

b

ikzimz | < 2 F126
E :e‘ A (c‘ k:lm - /,le) Ja(pimrle hzim

m

_ _4_1E le‘ /2”/‘“ dt uut (J tJ )
- v
0

¢ myc? 27r/w

Operating on Eq. (21) by both f:” dé fo"’ Jo(ymr)rdr and
27 40e¥128 [77 Jo(uymr)rdr and solving for by m, we find that
) 0 g

,
w* ” " . 2 1 e dt "t
k 1 >b el tims elu,
( c? tim T Him [O£1m c I1m moc® Jy 21w
=1iJ,)

['IO(ler)(Jz Iijy)l o t J"(l‘lmr)(-}

where Iim = [7 [J3(p1mr) + T3 (p1mr)] rdr = (0372 = Vi I3 (mamrg)-
The dispersion relation greatly simplifies when only one waveguide mode, say the
TE,,, takes part in the interaction,i.e., n =1, m =1, ax = by, kx = koy;.

Substituting (19) into the right-hand-side of (22), we obtain

o

w? o : .
[( ) kilm F‘fm) Ry —k; (kt - %) Di} btuelk*"
' (23}

= —k}K? (kt _ i’.) (k; - ;:k,,) I N

Vo Vo
where k2 = 2v/v,01, = 2up¥1/(7,(p¥1r§ ~ 1)J(p117g)). The RH and LH circularly po-
larized waves are simultaneously excited only when k, = k_ — k. Eliminating b.,,. the

dispersion relation coupling the RH ard LH circularly polarized waves becomes

rR lcg(k - w/v, +kq)2D_ } [R B k;;’(/c —w/vo)zD4.}
[ w?/e? = (k + kq)? — pui, w?jc® — k% = pi,

_ e [k —w/vo)? >( (k= w/vo + kq)’ ) )
‘ka’(w/cz—kz—ugl 2/~ (k+kq)? —ui, /- =

8




where k = k4, ko =k + kg, K = Kx = k —w/vo + kq/2, Do = K* T K, K — K and
R=Ry=D,D_-K}=K*-(2K} +K})K*+ K} - K. Equation (24) can be put into

the form

- K¥= (25a)
2 2 2 3 \ ~
Wi/~ kT — i

D, -

kg(k 'w/vo + kq)z D_ — ki(k - w/vo)z
w?/c? — (k + kq)? — u}, -

and/or

R=0. (256

Equation (25a) agrees with the dispersion relation in Ref. 9 with the vertical field set
to zero. Equation(25b) is the dispersion relation of the hybrid cyclotron and quadrupole
modes with image fields in a waveguide in the absence of electromagnetic fields.

The dispersion relation possesses the following symmetry:
(k’quBo) — (k - kq’ —qu -B,).

Utilizing this symmetry condition, the discussions in Section III can also be applied to
rotating quadrupoles of the opposite helicity. The polarization of the waveguide mode
associated withe the wave number k that the three-wave is unstable is determined by the
polarization of the waveguide mode that intersects the unstable beam modes.

The modes taking part in the interaction can be conveniently classified by setting the

beam current equal to zero. The dispersion relation, for zero beam current. reduces to
2 2.2 2 2,2 2
(k% —w?/c® + udy] [(k + kg)? —w?/c® + ui)]

[(k = w/ve + kq/2)? = (d} + d3)] [(k — w/vo + kq/2)* — (d} — d3)] =0, (26)

where

1 . »
_(KO(RO - kq) + k;/'l),

dZ
172

I

1 -2 . ] ) ]
d; = S(KG(Ko ~ kq)® + 4K k).

The first and second bracketed terms on the left-hand side of Eq. (26) represents the
LH and RH circularly polarized transverse electric waveguide modes, while the third and

fourth terms, R, are hybrid cyclotron and quadrupole modes.




A diagram of the dispersion relation in the zero beam current limit is shown in Fig.
2. The parameters for the plot are guide magnetic field B, = -1 kG, k, = 0.5 cm™!,
quadrupole gradient Bk, = 200 G/cm, v, = 5 and drift-tube radius r, = 3 em. The
curves are associated with the RH and LH polarized waveguide modes respectively. The
cut-off frequency of the waveguide TE;; mode is py;c. The two straight solid (—) lines
correspond to the beam lines associated with the d? — d2 expressions, and the two dashed

(- - -) lines correspond to the beam lines associated with the d? + d3 expression.

10




III. STABILITY REGIMES AND ANALYTICAL EXPRESSIONS FOR GROWTI
RATES
The dispersion relation, Eq. (25a), contains i) a region of orbital instability (in the
absence of the electromagnetic waves), ii) regions of three-wave instability, and iii) regions
of stablility. In this section, we will obtain the conditions delineating the various regimes
and find analytical expressions for the maximum growth rate in each of the three-wave
unstable régions. The stability diagrams are obtained in (kq, K,) space for given values of

Yo, Ty and Bgk, in the limit of zero beam current.

Orbit Unstable Regime

The expression R = 0 is the dispersion relation for the particle dynamics in the pres-
ence of stellarator windings with an axial magnetic field. This expression is in agreement
with Eq. (10) of Ref. 2 in the limit of perfectly conducting walls. The electron beam in

this configuration can be unstable when (d? — d%) < 0. The unstable values of &, are
kq . kq . -
Kcﬂ't.z = "2_ - 2Kq <K, < Kc:1~it.3 = _2" + 2Bqa (27)

where K, = Q,/v,, Uy = |€|Bg/Yomoc, Ko = /v, and Q, = |e|B,/vomoc. Equation (27)
is in agreement with the stability condition of Ref. 1 in the limit of straight cylindric:’
geometry and zero beam current. It is interesting to note that this condition is also in

agreement with the condition for beam envelope stability in the limit of zero space charge.!®

Three-Wave Unstable Regimes

The three-wave instability will occur when, for example, the RHCP waveguide mode

intersects, in the (w, k) plane, the appropriate beam mode given by
(b —w/vo +kq/2)% - (d} = d3) =0, (2%)

and (d? — d2) > 0. For k, > 0, the instability for the RHCP waveguide mode occurs for
w > 0. For K, < Kcrit,2, the three-wave is unstable (Region I) when the RHCP waveguide
mode intersects the beam line w/v, = (k + k;/2) + y/d} — di. For K, > K.ry .3, the three-

wave is unstable (Region II) when the RHCP waveguide mode intersects the beam line

11




w/ve = (k + kq/2) — \/d? ~ d3. Identical three-wave instability growth rates occur for the
LHCP waveguide mode, for w/c with sign opposite to the unstable modes associated with

the RHCP waveguide mode.

Three-Wave Stable Regime for K, < K ;.40

Stability is achieved when the waveguide cut off frequency p;,c¢ is sufficiently large so
that intersection with either of the beam lines, defined by Eq. (28) cannot be achieved.

The condition in terms of the waveguide mode cutoff is

g 2 kg +2(d2 - d2)'?, (29)
where
4 1/2
1= (73 - 2)
Based on Eq. (29), the region of
ke > qui1  and K, < Kerig2 {30)

is alway three-wave unstable. If the inequality in (29) can be satisfied, we can solve for
the explicit value of K, for the three-wave stable regime.

For kq < qu11 and K, < K.rit,2, condition for stability in terms of the variable i, is

2fKo(Ko — kq) + f2 — 4K kg < 0, (31)
where
F = quii(kq — qu11/2). (32)
Defining
¢ = k3(1 + 8K f) - 2f, (331

we solve for K, with k; < qu,1, and find four situations:

i) for f > 0 and ¢ > 0, the stable range of K, is given by

kq C1/2

2 2

Kcrit,l = < I{o < Kcru.z' {34a)

12




ii) for f < 0 and ¢ > 0, the stable values of K, are

- . kg ¢
K, < K pit,; = smaller of 5 —-Z——,Kc,.,-t'z) , (34b)

iii) for f > 0 and ¢ < 0, all values of

Ko < Kcrit.z (34‘:)

are unstable,

iv) for f < 0 and { < 0, all values of
I{o < Kcrit.z : (34d)
are stable.

Three-Wave Stable Regime for K, > K.riz 2

The three-wave interaction is also stable when the RHCP waveguide mode intersects
only the top (the beam line with larger w for the same k) but not the bottom beam mode

assocated with Eq. (28), and K, > K. ri¢ 3. This occurs when

qpu 2 kg = 2(d2 ~d2)'7, (35)
The three-wave interaction is stable for
kq < qp11 and Ko > Kcrit,:!- (36)

For kg > quy1 and K, > K rie3, the values of K, that are three-wave stable are

Ko > Kcrit.4 =

b, G i
- (37)

Rq
2 +

In this regime, one can show that f > 0 and { > 0. In the limit of small quadrupole
gradient, large v, and K, > K., 3, the stability condition is approximately!!

K, > kq - ”11/70‘ (38)

13




The various operating regimes are illustrated as functions of k; and K, in Fig. 3, for
Yo = 5, ry = 3 cm and quadrupole gradient Bok, = 200 G/cem. This plot assumes that
the quadrupole gradient is a constant, and (k;, K,) are allowed to vary. The horizontal
separation of the boundaries for the orbital unstable region is 4K,. Since the stability
boundaries are obtained in the limit of zero beam current, the area of the actual stable

regions will shrink slightly as the value of the current is increased.

Analytical Expressions for the Growth Rates

In the three-wave unstable regimes, we can obtain analytical expressions for the peak
growth rates. The dispersion relation (25a) for the coupled RH and LH polarized wave

can be rewritten as
(@? —wi)((w — w2)? — Awi)((w - w2)? - Aw})(w? - w}) = 7, (39)
where

& = kivic? [(w — vok)}(w? — wi)Dy + (w ~ vo(k + kg))?(w? — wf)D_] ,

wy = k2 + pdic, wa = vo(k + kg /2), wy = /(k + kg)? + pdi¢c, Aw} = v3(d} + d3), and
Aw? = v}(d? — d3). Based on the numerical results of the full dispersion relation in Eq.

(25a), instability occurs at the intersection of the RHCP waveguide mode and one of the

two modes of Eq. (28) for k; > 0 and w > 0. Defining w = wy + §w and ¢ = 7l ymw, s the
dispersion relation reduces to
(@? —wi)((w = w2)’ = Awi)((w - w2)’ — Aw) =0, (40)

2,,2.2

where o = kfv2c? (wy — vok)? Dy | Diluzwitaw, = (Awa/c)* £ K (Awa/c)~ K3

w=witAw;’
and the top and bottom signs in D: ref:r to the three-wave unstable regions I and II
respectively. Equation (40) is the dispersion relation when the RHCP waveguide mode is
uncoupled to the LHCP waveguide mode.

The instability region I in Fig. 3 is the result of the waveguide mode intersecting the

upper mode (the beam line with larger w for the same k) given in Eq. (28). We will write
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w =w +éw and w; = w3 + Aw;. We will assume Aw; ~ Aws >> dw. The dispersion

relation is given approximately by

dw Ang) <6w)2 o/cd 1
( e T c 2wy (Aw? — Awi) (41)

For simplicity, we will assume the temporal growth rate is much smaller than the separation

of the beam modes, i.e., éw << 2Aw,. With this assumption, we obtain a simple expression

for the dispersion relation,

fw)? a/c? 1
— ] =- 5 IO (42)
c 4w Aws (Awi - Aw3)

For values of K, in the unstable region I, i.e., K, < Kc;.;¢'3, the values of ¢ are positive,
and Eq. (42) gives the temporal growth rate.

When the RHCP waveguide mode intersects both modes given by Eq. (28) with
kg > 0, w > 0 and K, > Kcrit,3, the instability occurs only at the intersection of the
RHCP wave mode and the lower beam mode. This gives the instability regime II in Fig.
3. We will define w; = w; — Aw,. The dispersion relation becomes

(Lw B Zéﬁ) (6—‘”)2 - - (43)

c c c T 2wy (Aw? - Awd)’

Here again, we assume 2Aw; >> éw and the dispersion relation reduces to

(&)2 - i : (44)
c - 4w1Aw;_> (Aw'f - Aw.',f)

For K.rit3 < Ko < kg, the quantity o is negative, and Eq. (44) gives the temporal growth
rate in region II of Fig. 3. The analytical expressions (42) and (44) show that the temporal

growth rate [' = I'm(dw) scales approximately as the square root of the beam current, i.e.,

T/cx I3/
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IV. NUMERICAL RESULTS

The full dispersion relation, Eq. (25a) is solved numerically to: i) obtain the growth
rates and group velocities, ii) verify the various operating regimes and the analytical expres-
sions for the temporal growth rates and iii) show the scaling of the growth rate with respect
to the various parameters. The numerical studies center around the parameters shown in
Table I. With the quadrupole wave number k, chosen to be 0.5 em™! (A, = 12.57 cm),
we may demonstrate each of the different operating regimes by varying the axial magnetic
field, B,, except in one of the stable regimes, where we take k; = 0.1 cm™1.

Figure 3 is a plot of the various operating regimes in the parameter space of k, as a

function of K, for 7, = 5, Bgkqy = 200 G/cm and ry =3 cm as in Table I.

Numerical Results from Full Dispersion Relation

The dispersion diagram with current [, = 1 kA for the five different regimes are shown
in Fig. 4: '

a) B, = -1.0 kG (K, = —0.24 cm™!) and k, = 0.5 cm™! in the three-wave unstable

region I,

b) B, =2.15 kG (K, = 0.26 cm™!) and k; = 0.5 cm™! in the orbit unstable regime,
¢) B,=3.5kG (K, =0.42cm™!) and k; = 0.5 cm™! in the three-wave unstable region

II,

d) B, =5.0 kG (K, =0.60 cm~!) and k; = 0.5 cm™! in the three-wave stable regime,
e) B, = —5.0 kG (K, = —0.60 cm™!) and k; = 0.1 cm™! in the three-wave stable
regime.

Plots of the temporal growth rate as a function of wave number k are given in Figs. 5-7
for each of the different regimes with current I, = 1 kA. Figure 5 plots the temporal growth
rates in region I, for B, = —1.0 kG (K, = -0.12 em™!), B, = 0, B, = 1.0 kG (K, =
0.12 cm~!), and B, = 1.3 kG (K, = 0.156 cm™!). Only the growth rates associated
with Re(w) > 0 are plotted; these are associated with RHCP waves. The growth rates
associated with Re(w) < O are identical and are associated with LHC'P waves. The growth
rate and the range of unstable values of k increase as K, approaches the orbit unstable

value of K pi2 = 0.154 cm ™1,
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Figure 6 shows temporal growth rates in the three-wave unstable region II, for B, =
2.95 kG (K, = 0.35 cm™!), B, = 3.0 kG (K, = 0.36 em™'), B, = 3.25 kG (K, =
0.39 cm~!) and B, = 3.5 kG (K, = 0.41 em™!). For some values of B,, the RHCP wave
intersects the beam line two times as indicated by temporal growth rates at two separate
regions of wave number k for a given axial magnetic field. The growth rate and the range of
unstable values of k increases as K, approaches A..;¢,3. The stability boundaries predict
that the three-wave instability is present for K.ri¢3 = 0.35 cm™! < K, < Kiriga =
0.41 em~! (2.95 kG < B, < 3.5 kG). Numerical results for I, = 1 kA are in excellent
agreement with the theory.

Figure 7 plots the temporal growth rate versus k in the orbit unstable region for
B, = 2.15 kG (K, = 0.26 cm~!). The region of instability covers both positive and
negative values of wave number k, even at regions where the beam lines are far from the
waveguide mode. Thus, the unstable growth rate is the result of unstable beam orbits in

the stellarator and guide fields, irrespective of the electromagnetic waves.

As the beam current increases, the coupling of the RHCP and LHCP waves becomes
stronger and the actual stability boundaries deviate from the analytic expressions. Figures
8-10 are plots of temporal growth rate as a function of wave number k for I, = 10 k4.
Figure 8 plots the temporal growth rates in region I, for B, = =1.0 kG (K, = —0.12cm™}),
B,=0,B,=1.0 kG (K, =0.12¢cm™!), and B, = 1.3 kG (K, = 0.156 em™!).

Figure 9 plots temporal growth rates versus k in the three-wave unstable region II,
for B, = 3.0 kG (K, = 0.36 cm™!), B, = 3.25 kG (K, = 0.39 cm~!), B, = 3.5 kG (K, =
0.41 cm™!) and B, = 3.85 kG (K, = 0.45 cm™!). The range of B, for the three-wave
unstable region II at zero beam current is 2.95 kG < B, < 3.5 kG. For current of
I, = 10 kG, the RHCP and LHCP waves become coupled for B, = 2.95 - 3.25 kG.
At the same time, the three-wave unstable regime is extended beyond B, = 3.5 &G to
B, = 3.85 kG. The RHCP and LHCP waves become coupled for B, = 2.95 - 3.25 &G and
the three-wave unstable regime is extended into a region where I, > K.rjp.g4 = 0.41 e ™',

where the analytic (I, = 0) expressions predict stability.
Figure 10 plots the temporal growth rate versus k in the >rhit unstable region for

B, = 2.15 kG (K, = 0.26 cm™!). Here the region of instability covers essentially all values

17




of wave number k.

A summary of peak temporal growth rates as a function of normalized guide field A,
for I = 10 kA is shown in Fig. 11 for v, = 5, ¥, = 7.5 and v, = 10. The group of curves
on the left belong to unstable region I and the group of curves on the right belong to
unstable region II. The gap separating the two groups of curves corresponds to the orbit
unstable region. Plots of the group velocity as a function of K, are shown in Fig. 12.
Those values plotted are associated with the growth rates of Fig. 11. The group velocity
approaches the beam velocity in three-wave unstable region II.

We also examine the effect of the waveguide radius r, on the three-wave instability.
As the guide radius is increased, the waveguide cut-off frequency p;;c decreases. For the
three-wave unstable region I, the intersection of the waveguide mode and one of the beam
lines in Eq. (28) can occur for negative values of wave number k. When this occurs, the
phase velocity is negative and group velocity is positive but reduced in value. Figure 13
plots the temporal growth rate and the group velocity as a function of K, for r, = 5 cm

and [, = 10 kA4, while keeping all the other parameters the same as in Table .

t3 ica ts

The analytical expressions for the temporal growth rates for the two regions of the
three-wave instability are given in Eq. (42) and (44). Figure 14 is a comparison of the
maximum temporal growth rate as a function of the normalized guide field A, for the
values obtained from the numerically solved full dispersion relation (solid curves) and
from the analytical expressions (dashed curves) for current [, = 1 kA. The agreement
between the analytical and numerical results of the temporal growth rates is good as
Iongi;l;:iA'wz/c > I['/c (see Eqs. (39)-(44)). On the dispersion diagram, 2Awa/c is the
difference in frequency/c of the beam lines (28) that could go unstable. To illustrate the
case Awy/c > I['/c, we take K, = —0.36 cm™~! (B, = —3 kG). The numerical result of the
temporal growth rateis I'/c = 4.3 x 1073 ¢cm ™!, which is much smaller than Aw,/c = 0.25.
The analytical result for the temporal growth rateis also I'/c = 4.3x107% cm ™!, As Qws; ¢
decreases and I'/c increases, the analytical expressions for the growth rate becomes less

accurate. At K, =0.12 em™! (B, = 1 kG), Awa/c = 8.2 x 1072, which is comparable to

18




['/c. The analytical expression for the growth rate, I'/c = 2.50 x 1072 cm ™!, is 8% larger
than the numerical result of I'/c = 2.30 x 1072 em ™1,
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V. CONCLUSIONS

The addition of stellarator windings to an axial guide field was proposed as a method
of transporting a high current beam in a curved geometry with a high tolerance to energy
mismatch.! The stabilty properties of such configurations have been clarified in the present
study, which included the beam centroid motion, the electromagnetic waveguide modes,
expressed in terms of right-hand circularly polarized (RHCP) and left-hand circularly
polarized (LHC’P) waves, and the induced image forces on the conducting boundaries, in
addition to the external magnetic fields.

We find five operating regimes: i) two physically distinct three-wave unstable regimes,
ii) an orbit unstable regime, in which the beam centroid is unstable independent of the
electromagnetic waveguide modes and iii) two stable regimes. We have obtained analytical
expressions for the boundaries of the various stability regimes in parameter space and have
presented algebraic expressions for the growth rates in each of the two three-wave unstable
regimes. These analytical results are valid in the limit of low beam current, when the
RHCP and LHCP waves decouple, and are in good agreement with those obtained via
numerical solutions of the full dispersion relation.

The simplified dispersion relation for uncoupled RHCP and LHCP waves, given in
Eq. (40), has been shown to produce results that are in close agreement with those of the
full dispersion relation. The simplified dispersion relation is not valid, however, when the
coupling between the RHCP and LHCP waves is strong, as in the orbit unstable regime. In
three-wave unstable region II, the coupling is strong only at high current. The growth rates
in this regime, for example, from the full (coupled) dispersion relation are about 20 — 30%
larger than from the uncoupled dispersion relation for k,, = 0.5 cm~! and [ = 10 kAd. In

three-wave unstable region I the RHCP and LHCP waves are essentially uncoupled.

These results suggest that the three-wave instability can be avoided by appropriately
choosing the various parameters. Results show that as the beam energy increases. the
stability conditions become more restrictive. In such cases, it may be necessary to decrease
the quadrupole gradient, B k,, quadrupole wave number k; and/or increase the value of

the guide field B, in order to remain in the stable regime.
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Table I: Parameters Used in Section [V

Quadrupole gradient, Bk, 200 G/cm
Beam energy (v,) 5

Beam current, I, 1,10 kA
Drift-tube radius, r, 3cm

Calculated parameters

TE,, cut-off frequency/c, y1; 0.614 cm ™!
Qe 0.256 cm™!
Kk, 0.024 cm™?
3o = vy/c¢ 0.9793

For rotating quadrupole wavelength, A, = 12.57 cm

Wave number, k, 0.5 em™!

K, 0.048 cm ™!
Kerit,2 (B, = 1.32 kG) 0.154 ¢m ™!
Keritz (B, = 2.95 kG) 0.346 ¢cm !

Korit.a (B, = 3.52 kG) 0.413 cm !
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B, =-1.000(kG), | = 1.000(kA)
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Fig. 4 Dispersion diagram for the right-hand-circularly polarized waves for parameters in

Table I with:

a) Bo=-1.0 kG (K, = —0.24 cin™!) and kq = 0.5 em ™!,
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waves for parameters in Table I with:

d) B, = 5.0 kG (Ko, =0.60 cm™!) and ks = 0.5 cm™!, and
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